Abstract. Under suitable conditions upper bounds of second order Dehn functions of Pride groups are obtained. From this we show that the second order Dehn function of a rightangled Artin group is at most quadratic.
Introduction
Pride groups are categorised as groups given by presentations in which each defining relation involves at most "two types of generators." This large class of groups has been studied in [5] [6] [7] [8] 10, 11] . In this paper we obtain upper bounds for their second order Dehn functions.
Let D ¹V; Eº be a finite simplicial graph with vertex set V and edge set E. To each vertex v 2 V assign a group G v with a fixed finite presentation. Let e D ¹u; vº 2 E and let f G e denote the free product G u G v . To each such edge assign a set t e that consists of cyclically reduced elements of f G e , where each element of t e involves at least one term from each of G u and G v . Associated to this edge is a group G e D f G e =hht e ii. The Pride group associated with the above data is then
We call the underlying graph of G. The groups G v (v 2 V ) are called the vertex groups of G and the groups G e (e 2 E) are called the edge groups of G. The class of Pride groups encompasses a wide range of well-known groups. For example, Coxeter groups are Pride groups with finite vertex groups and dihedral edge groups. Artin groups are Pride groups with infinite cyclic vertex groups, while generalised tetrahedron groups have finite cyclic vertex groups and edge groups that are generalised triangle groups. Free products with amalgamations and triangles of groups provide further examples.
For each v 2 V and each e 2 E there are natural homomorphisms G v ! G and G e ! G. In general, these homomorphisms are not injective; however, it was shown in [4] that if G satisfies the asphericity condition (see end of this paragraph), then the vertex and edge groups embed in G. For each e D ¹u; vº 2 E let e be the natural epimorphism of f G e onto G e and define m e to be the (free product) length of a shortest non-identity element of ker e , when this is non-trivial. If ker e is trivial, set m e WD 1. An edge group G e (or more precisely a given presentation of G e ) has property-W k if and only if m e > 2k. So, for example, property-W 1 states that no non-empty word of the form W .u/W .v/ where W .u/ 2 G u and W .v/ 2 G v is equal to 1 in G e . Then G satisfies the asphericity condition if and only if G e has property-W 1 for each e 2 E, and for any triangle in (with edges e 1 ; e 2 ; e 3 , say)
Pride groups which satisfy the asphericity condition are said to be non-spherical. When the natural homomorphisms G v ! G (v 2 V ) and G e ! G (e 2 E) are injective, the aim is then to describe the structure of G in terms of its vertex and edge groups. Given a non-spherical Pride group with presentation P , our aim is to describe the generators of 2 .P / (Theorem 4.1) and to obtain an upper bound for the second order Dehn function ı .2/ G (Theorem 5.1). In order to obtain such a bound, we assume that G satisfies the relative area property (see Section 3.1). Essentially, this property states that the area of a word in f G e is related to the area in G e -the former being bounded by a subnegative function of the latter. Our two main results are condensed into the following theorem.
Theorem. Let G be a non-spherical Pride group. If each G v (v 2 V ) and each G e (e 2 E) is of type F 3 , then G is of type F 3 . Moreover, if G satisfies the relative area property, then there exists a subnegative function W N ! R C such that The notation ı, denoting the subnegative closure of ı, will be explained in Section 2, along with the notation .
Meier [6] uses the term simple Pride group for Pride groups in which each vertex group is infinite cyclic. These first appeared in the literature [7] under the title "groups with presentations in which each defining relator involves exactly two generators." We may extend this subclass to include Pride groups in which each vertex group is a free group of rank n 1. Such groups trivially satisfy the relative area property. If each vertex group is free, then f G e is a free group for each e 2 E and so the area of a word in f G e is zero. Thus we may take D 0 in this case. Noting that the second order Dehn function of a free group is zero, we obtain the following corollary to our main result. Our paper is organised as follows. In Section 2 we introduce the geometric tools needed to prove our main results. Section 3 contains various technical lemmas while Sections 4 and 5 contain the proofs of Theorems 4.1 and 5.1, respectively.
Pictures
A closed punctured disc … with n 0 holes is the closure of
where D is a closed disc and B 1 ; : : : ; B n are disjoint closed discs in the interior of D. The boundary @… of … is
where @D and @B i (i D 1; : : : ; n) are the boundaries of D and B i , respectively. Definition 2.1. A picture P is a geometric configuration consisting of a finite collection of pairwise disjoint closed discs 1 ; : : : ; m in a closed punctured disc … with n 0 holes, together with a finite collection of pairwise disjoint compact one-manifolds˛1; : : : ;˛k (the arcs of P ) properly embedded in
The punctured disc … has a basepoint 0 on @…, each disc B i has a basepoint b i on @B i , and each disc i has a basepoint 0 i on @ i . Each arc is either a simple If … does not contain any holes, then we say P is simply-connected. Otherwise, P is non-simply-connected. Our definition of a simply-connected picture coincides with the standard definition of a picture (e.g. in [9] ) and we shall use the terms "simply-connected picture" and "picture" to mean the same. A picture P is spherical if no arc of P meets the boundary of P .
We shall assume the reader is familiar with the theory of pictures over finite presentations (see [9] ). Recall, a picture P over a finite presentation P D hx; ri satisfies the following conditions.
(a) Each arc of P has a normal orientation indicated by a short arrow meeting the arc transversely and is labelled by an element of x.
(b) If we travel around i once in an anticlockwise direction starting at 0 i and read off labels on the arcs encountered (with the understanding that we read x if we cross an arc labelled x in the direction of its normal orientation, and we read x 1 otherwise), then we obtain a word r
i , where r i 2 r and " i D˙1. Certain operations (bridge moves, insertions or deletions of folding pairs, insertions or deletions of floating circles) can be performed on (spherical) pictures and two spherical pictures are said to be equivalent if one can be obtained from the other by a finite number of these operations. We write hP i P (or simply hP i) for the equivalence class containing the spherical picture P . These equivalence classes form a left ZG.P /-module, the second homotopy module of P , denoted by 2 .P / (see [1] for details).
Let X be a set of module generators of 2 .P / and let A.P / denote the number of discs in a picture P . If P is spherical, then we define the volume V X .hP i/ of hP i with respect to X to be the least value of m over all expressions
equal to hP i. The second order Dehn function ı
If the module 2 .P / is finitely generated, then G is said to be of type F 3 . In this case ı
.n/ is a group invariant up to -equivalence ( [1] ) and we write ı Much of our current understanding of which functions are second order Dehn functions of groups began with the work carried out in [1] . Upper bounds are obtained for the functions ı
, where G 0 , G 1 are two groups of type F 3 . These bounds are then used to obtain examples of groups whose second order Dehn functions display subquadratic behaviour. In [12] estimates for certain special HNN-extensions are used to obtain an infinite number of different superquadratic second order Dehn functions. More recently, Barnard, Brady and Dani [3] have produced examples of groups of type F 3 whose second order Dehn functions are of the form exp n .x/, where n is any natural number.
A function f W N ! R C (where R C is the set of positive real numbers) is subnegative if f .m/ C f .n/ Ä f .m C n/ for all m; n 2 N. Given any function f W N ! R C there is a least subnegative function f greater than or equal to f defined by
The function f is called the subnegative closure of f , and if f g, then f g. We end this section with a brief discussion of coloured pictures. Let I be a fixed set whose elements shall be referred to as colours and let ¹m ij W i; j 2 I º be a fixed family of elements of N [¹1º such that m ij D m j i and m ij 4 for i ¤ j . Following [4] , we say that a triple of distinct colours i; j; k 2 I is a spherical triple
where 1=1 WD 0, and a colouring of a picture P by I is an I -valued function on the set of arcs of P . A picture together with a colouring function into I is called an I-coloured picture. We require the following.
Lemma 2.2 ([4, Lemma 2.2])
. Suppose I does not contain any spherical triples and let P be a non-spherical simply-connected I -coloured picture satisfying:
(i) no arc is a floating circle nor has both endpoints on the same disc enclosing a region of degree 1,
(ii) associated to each disc are two distinct colours i; j 2 I (with m ij ¤ 1) such that each arc incident with is coloured either i or j and there are at least m ij corners of joining one arc of each colour, (iii) no interior region has more than one corner in its boundary joining arcs of the same two distinct colours.
P. Davidson
If under the above conditions some arc of P is coloured k, then some arc meeting @P is coloured k.
Pride groups
Let G be a non-spherical Pride group with underlying graph . Let us fix a presentation of G that will be used for the remainder of this paper.
Relative area property
Let W be a word on x˙1 e that represents the identity element of G e and let P D ¹P W 2 ƒº (ƒ some indexing set) the set of all reduced P e -pictures for W that contain k 1 ( 2 ƒ) s e -discs. .W / of W is defined to be min¹k W 2 ƒº if P is non-empty. If P is the empty set, then A rel P e .W / D 0.
Let f P e D hx u ; x v I r u ; r v i be a presentation of f G e . Then f G e satisfies the relative area property if there exists a subnegative function e W N ! R C such that for all words W on x˙1 e that represent the identity element of f G e and satisfy
.W / Ä n;
.W / Ä e .n/;
where A e P e denotes the area of W over f P e . We say that G satisfies the relative area property if and only if each f G e (e 2 E) does.
Pictures over Pride groups
Let P be a picture over P . There exists an obvious colouring of P by V : arcs labelled by an element of x v (v 2
¹u; vº D e for some edge e 2 E, F contains at least one disc whose label is an element of s e (i.e. F does not consist solely of discs whose labels are from r u [ r v ), F is maximal in the sense that @F cannot be extended to include any other disc of P whose label is an element of s e .
If F contains an s e -disc, then define †.F / D e:
A federation is simply-connected if it is a simply-connected .u; v/-subpicture; otherwise, the federation is non-simply-connected. If F is simply-connected and †.F / D e, then the boundary label W .F / of F is a word on x˙1 e that represents the identity element of G e . Equivalently, W .F / represents an element of ker e .
Let F 1 be a federation of P . If F 1 ¤ P , then construct a federation F 2 of P nF 1 . If F 2 ¤ P nF 1 , then construct a federation F 3 of P 1 n.F 1 [ F 2 /, and so on. Eventually we end up with a collection of federations F 1 ; : : : ; F n that cover P and satisfy the property that F i C1 is a federation of
: : : ; n 1):
As in [10] we call this collection of federations a federal subdivision of P and denote it by F . For each e 2 E let e denote the set of all words on x˙1 e that represent a nonidentity element of ker e . Denote the union of ¹ e W e 2 Eº by .
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Let P be a connected picture and suppose F is a federal subdivision of P that satisfies the following two conditions:
Then the derived picture b P of P corresponding to F (or simply the derived picture) is obtained from P by deleting the arcs and discs contained in each federation F 2 F . If˛is a boundary arc of F , then we delete only that portion of˛contained in F . The boundary of F is then identified as the boundary of a disc of b P . It is clear that b P is a V -coloured picture and that W . b P / is identically equal to W .P /, where W .P / is the boundary label of P . Furthermore, the label of a disc obtained from a federation F is identical to W .F / and so is an element of e . Lemma 3.3. Let P be a connected, non-spherical, simply-connected picture over P and let b P be the derived picture corresponding to a federal subdivision of P . Then b P satisfies conditions (i), (ii) and (iii) of Lemma 2.2.
Proof. Since P is connected, b P cannot contain any floating circles. Furthermore, we can construct b P so that it does not contain an arc which has both endpoints on the same disc enclosing a region of degree 1. If b P contained such an arc,˛say, then its endpoints (in P ) would be incident with one or two discs contained in the same federation F. No disc of P would be contained in the region bounded byą nd @F so we could "pull"˛into F . The derived picture would then no longer contain˛. Thus b P satisfies (i). Let be a disc of b P with label W . Then W is an element of e for some edge e D ¹u; vº 2 E and so the free product length of W (the group element represented by W ) is at least m e . It follows that the syllable length of W is at least m e . We deduce that each arc incident with is coloured u or v and there are at least m uv corners of joining one arc of each colour. Hence (ii) is satisfied.
Assume b P contains an interior region R that violates (iii). Then R contains at least two corners Ä 1 ; Ä 2 in its boundary that join arcs of the same two distinct colours u and v, say. Suppose Ä 1 and Ä 2 are corners of two distinct discs 1 and 2 , respectively, and draw a simple closed transverse path in b P enclosing 1 and 2 only (see Figure 1) . Let F 1 and F 2 be the federations of P that correspond to 1 and 2 , respectively. That is, i (i D 1; 2) is obtained from F i by deleting the arcs and discs contained in F i . Since 1 and 2 are distinct, it follows that F 1 and F 2 are distinct. The same simple closed transverse path can be drawn in P so that it encloses F 1 and F 2 only. It follows that the boundary of F 1 can be extended to include all the discs of F 2 , contradicting the fact that F 1 is a maximal .u; v/-subpicture. Now suppose Ä 1 and Ä 2 are corners of the same disc . Draw a simple closed transverse path enclosing as shown in Figure 2 . In addition to , the subpicture bounded by contains at least one other disc so that (i) is not violated. Moreover, by assuming that the subpicture bounded by is an "innermost" one violating (iii) (meaning that (iii) is satisfied by every region enclosed by a simple closed transverse path consisting of discs and arcs of b P that lie in the subpicture bounded by ) we may assume that Lemma 2.2 applies to the subpicture. Then each arc in this subpicture is coloured u or v as only arcs of these colours meet its boundary. This means that the federations in P that correspond to the discs of the subpicture enclosed by are all maximal .u; v/-subpictures -a contradiction. Hence b P satisfies (iii). Figure 2 . Two corners of the same disc .
Let P be a non-empty connected spherical picture over P and F be a federal subdivision of P . Suppose F 2 F is a simply-connected federation with †.F/ D e and let W D W .F /. There are three possibilities for W :
W is freely equal to the empty word, W represents the identity element of f G e , W is an element of e .
The following lemma will play a key rôle in the proof of Theorem 4.1.
Lemma 3.4. If P contains at least two federations, then P contains a simply-connected federation whose boundary label is either freely equal to the empty word or represents the identity element of f G e for some e 2 E.
Proof. Let us first suppose that each federation in F is simply-connected and assume that the boundary label of each federation is an element of e (e 2 E). Then we may construct the derived picture corresponding to F . Choose some disc in b P and let F be its corresponding federation in P , where †.F / D ¹u; vº 2 E say. Identify as being the only disc that lies on the northern hemisphere of the two-sphere. Then the discs and arcs that lie on the southern hemisphere form a simply-connected subpicture Q and, by Lemma 3.3, this subpicture satisfies the conditions of Lemma 2.2. Suppose Q contained an interior arc coloured w ¤ u; v. Then, by the conclusion of Lemma 2.2, this colour must appear on the boundary of Q. However, each boundary arc of Q has colour u or v. It follows that each interior arc must be coloured u or v and that Q is a .u; v/-subpicture. This contradicts the fact that F is a maximal .u; v/-subpicture and we deduce that P must contain a federation whose boundary label satisfies one of the required conditions. Suppose F contains a non-simply-connected federation F (with † D ¹u; vº) and let H be a simply-connected component of P nF. Observe that each arc meeting @H has colour u or v and that we may choose F so that each federation in H is simply-connected. Suppose H contains only one federation, which for simplicity we shall also denote by H. Then W .H/ is either a word on x˙1 u that represents the identity element of G u or it is a word on x˙1 v that represents the identity element of G v . In either case W .H/ represents the identity element of G u G v . Thus H is a simply-connected federation of P whose boundary label represents the identity element of f G e (e 2 E). Now suppose H contains at least two federations and assume that the label of each is an element of e (e 2 E). Then we may construct the derived picture b H.
Since b
H satisfies the conditions of Lemma 2.2, each interior arc of H must have colour u or v as only arcs of these colour meet @H. However, this contradicts the fact that H contains at least two federations, each of which are maximal subpictures. The result now follows.
4 Generators of 2 .P / Let G be a non-spherical Pride group. For each v 2 V let X v be a set of generators of 2 .P v / and for each e 2 E let X e be a set of generators of 2 .P e /. Let X denote the union of the sets X v and X e .
Theorem 4.1. The set X generates 2 .P /. In particular, if each G v (v 2 V ) and each G e (e 2 E) is of type F 3 , then G is of type F 3 .
Proof. It is enough to show that any spherical picture P over P is equivalent (modulo X) to the empty picture. Let us first suppose that P is a non-empty connected spherical picture and let k be the number of s-discs in P . If k D 0, then P is a spherical picture over P v (v 2 V ) and so is equivalent (modulo X v ) to the empty picture.
We now proceed by an induction on k 1. If k D 1, then P is a spherical picture over P e (e 2 E) and so is equivalent (modulo X) to the empty picture. Let k > 1 and let F be a federal subdivision of P . If F contains exactly one federation, then the previous case applies. If F contains at least two federations, then, by Lemma 3.4, P contains a simply-connected federation F whose boundary label W is either (i) freely equal to the empty word, or (ii) represents the identity element of e G e for some e 2 E.
Suppose (i) holds. Let P 0 be the geometric configuration obtained from P by deleting F . Since W .F / is freely equal to the empty word, the boundary arcs of P 0 and F can be "stitched" together to form spherical pictures, which we denote by P 0 and F , over P and P e (e 2 E), respectively. Since P 0 contains less than k s-discs, the induction hypothesis applies and it follows that P 0 is equivalent (modulo X) to the empty picture. Moreover, F is a spherical P e -picture and so is equivalent (modulo X e ) to the empty picture. Thus P is equivalent (modulo X) to the empty picture. Now suppose (ii) holds. Then there exists a simply-connected picture G over f P e D hx u ; x v I r u ; r v i such that W .G/ Á W . Let P 0 be the geometric configuration obtained by deleting F from P . Then G and F can be combined to form a connected spherical picture A over P e , and P 0 and G can be combined to form a spherical picture Q over P . Then for some word U on x˙1,
The induction hypothesis applies to Q, so Q is equivalent (modulo X) to the empty picture. It follows that P is equivalent (modulo X [ A) to the empty picture and, since A is equivalent (modulo X e ) to the empty picture, we deduce that P is equivalent (modulo X) to the empty picture. A straightforward induction argument on the number of components of an arbitrary spherical picture completes the proof.
5 An upper bound for ı .
2/ G
Let G be a non-spherical Pride group that satisfies the relative area property and let X be the set of generators of 2 .P / described in Theorem 4.1.
Theorem 5.1. Let D max¹ e W e 2 Eº. If P is a spherical picture over P with n discs, of which k are s-discs, then
where ı
W e 2 Eº and ı
Proof. Let us first suppose that P is a connected spherical picture over P and that k > 0. By induction on k we shall show that
Let F be a federal subdivision of P . If F contains one federation, then P is a spherical picture over P e (e 2 E) and hP i P e can be expressed as a sum of at most
.n/ elements of˙G e X e . Thus hP i can be expressed as a sum of at most
If F contains at least two federations, then Lemma 3.4 applies and P must contain a simply-connected federation F whose boundary label W is either (i) freely equal to the empty word, or (ii) represents the identity element of f G e for some e 2 E. elements of˙G e X e . The area of Q is at most n f C .k 0 / and, since the induction hypothesis applies to Q, hQi can be expressed as a sum of at most To complete the proof of Theorem 5.1, consider an arbitrary spherical picture P over P . We proceed by induction on the number of components of P , m say. If m D 1 and k D 0, then P is a picture over P v (v 2 V ) and hP i P v can be expressed as a sum of at most ı where C is a connected component of P and P 1 is the spherical picture obtained from P by deleting C. Now C is either a picture over P v (v 2 V ), a picture over P e (e 2 E), or a picture over P . In each case it is straightforward to show that hP i can expressed a sum of at most 
